A computer code has been developed to rapidly evaluate the response of a collection o f conductors of arbitrary geometry to a fast-rising, high-current ouised discharge. The code applies to any set of conductcrs which are long compared to their transverse dimensions (2-0 limit). The high frequency diffusion 7;mited current distribution i s evaluated to determine the high frequency inductance and resistance, the surface temuerature rise and the local magnetic stress and total force on each ccnductoc for a specified peak current. The model has been validated against analytic solutions for simple geometries and experimental resclts for more intricate geometries, The code is optimized for fast computation, facilitating an iterative design procedure for arbitrary conductor assemblies.
The design of conductors employed in fast-rising, high current pulsed power apolications reauires accurate evaluation of their inductances, resistances, and mechanical support requirements. Current distriDct;cns must be determined to compute localized heating, local pressures, and net forces between conductors.
Hand calculaticn of these effects is possible only in simple approximations while finite element methods generally require substantial mainframe computation time as well as considerable overhead in "setting up" different case geometries. A ccmputer code which falls between these extremes has been developed to analyze these effects for systems of conductors of arbitrary geometry. The model proves to be very accurate for conductors that are long compared to their cross-sectional dimensions and for discharge times short enough that the magnetic diffusion depth into the conductors is small compared to their crcsssect i ona 1 dimensions .
Mathematical Formulation
The starting pcint of the modeling effort was with the basic formulation of Leuercl] which is well suited to determining the inductance gradient and current distribution on a collection o f arbitrarily shaped long parallel conductors in the high frequency limit.
A brief descriotion of the formulation is given here.
Maxwell's steady state equations for regions of constant permeability result in Poisson's equation for the magnetic vector potential, A, with the current density, j, as the source term. In the high frequency limit, all conductor currents flow in thin sheets on the conductor surfaces (skin depth), and the magnetic field inside the conductors is zero. The magnetic vector potential throughout each conductor must therefore be constant, and the problem is reduced to solving Laplace's equation between the conductors with the constant values of the magnetic vector potential on the conductors as the boundary values. If the conductors are taken to be infinitely long (long compared to their transverse dimensions) carrying parallel currents, then the magnetic vector potential is one-dimensional and directed parallel to the conductor Currents. By assuming the surface currents in eaci-conductor can be approximated as a collectior of infinitely long current sheets, each carrying a uniform sheet current density, K, the problem can be reduced to matrix form. An analytic expression far the magnetic vector potential contribution of each current sheet is used, and the sum of these ccntributions 3ver all current sheets is constrained to produce the constant boundary values of magnetic vector potertial at selected points on the conducting surfaces. The use of a collection of current sheets to d'epict the conductor currents avoids the singularities that occur in filamentary models.
This describes the essential features of the basic formulation, althcugh the details of implementation in this work differ slightly from that of Leuer.
The magnetic vector potential generatec at any point ( x , y) by a vanishingly thin current sheet located at x = 0 and extending from y : : -h to y = +h can be solved analytically and expressed as:
We assume throughout this work that the sheet is infinite in the z direction with its current in t>e positive or negative z direction. The potential at any point in the x-y plane due to a current shet?t arbitrarily positioned in the plane can then be determined by computing the point's coordinates in the .'rame o f reference of the current sheet as descr.ibed above and evaluating equation ( 1 ) .
The potential at any point (xi, yi) due to a collection of N current sheets can be expressed:
where a, = A,/Kj, depending on position only. If the N current sheets describe M conductors, there iire then N unknown current sheet densities and M unknowii values of constant magnetic vector potential. By choosing N points, (xi, yi), at which to evaluate the potential using equation ( 2 ) , N equations are generated. By constraining the sum of current over all the sheets on a particular conductor to be a specified current or: conductor I = Z Kj lj j where 1, = width of the jth sheet then M equations are generated, and the problem i s completely s p e c i f i e d .
The system o f equations can be w r i t t e n i n m a t r i x form and i n v e r t e d t o solve f o r the unknowns. The advantages of t h i s formulation over one which a r b i t r a r i l y s p e c i f i e s the p o t e n t i a l s on each conductor are t h a t the actual values o f the p o t e n t i a l are determined, and t h a t the s p e c i f i c a t i o n o f t o t a l c u r r e n t i n each conductor i s a much more n a t u r a l and i n t u i t i v e task.
The disadvantage i s t h a t the system of equations loses i t s symmetry.
I t can be shown t h a t the system o f N equations generated by applying equation ( 1 ) t o N p o i n t s can y i e l d a T o e p l i t z m a t r i x which can be i n v e r t e d much more q u i c k l y than a nonsymmetric m a t r i x [ 2 ] .
For h i g h l y complex systems, the ease o f inversion might be important.
I n t h i s formulation, the N p o i n t s chosen t o apply equation ( 2 ) were taken t o be the midpoints o f the N current sheets.
Once the surface current d i s t r i b u t i o n and magnet i c vector p o t e n t i a l constants are known, the inductance can be computed from energy considerations. The gradient o f the stored magnetic energy can be expressed:
where here A j denotes the magnetic vector p o t e n t i a l constant on the j ' t h current sheet.
This can be equated t o an i n d u c t i v e energy gradient o f :
where L ' i s the inductance gradient and I i s the t o t a l current, so t h a t :
The magnetic pressure on any c u r r e n t sheet surface element f o l l o w s immediately from the r e l a t i o n s :
Equation ( 7 ) holds f o r the f i e l d immediately o u t s i d e a conductor having a surface c u r r e n t density, K, and zero f i e l d i n s i d e the conductor. The B f i e l d i s found t o be p a r a l l e l t o the surface element, and the magnet i c pressure i n d i c a t e d by ( 8 ) acts perpendicular i n t o the surface element.
The t o t a l f o r c e per u n i t length on a conductor i s e a s i l y computed by i n t e g r a t i n g the magnetic pressure on the c u r r e n t sheet surface elements over a l l t h e elements on t h a t conductor, o r :
where d l i n t e g r a t e s over the conductor circumference and n i s the surface normal.
j
The evaluation o f resistance and ohmic temperature r i s e on conductors c a r r y i n g f a s t -r i s i n g highc u r r e n t s r e q u i r e s an e v a l u a t i o n o f the nonlinear c u r r e n t d i f f u s i o n i n t o t h e conductors.
For s k i n depths small compared t o the conductor dimensions. t h i s d i f f u s i o n may be considered one dimensionally inward from the conductor surface. The problem o f 1-0 d i f f u s i o n o f current i n t o a conductor and the ohmic heating o f t h a t conductor was analyzed by Kidder[?] or a step f u n c t i o n magnetic f i e l d applied a t t = 0 ( i . e . , step f u n c t i o n c u r r e n t waveform).
The processes were found t o depend o n l y upon the v a r i a b l e x/6 where 6 = B t g i s a c h a r a c t e r i s t i c " s k i n depth" and 0 i s a constant which depends upon the p r o p e r t i e s o f the conducting m a t e r i a l . I n one dimension the problem reduces t o ordinary nonlinear d i f f e r e n t i a l equations subject t o boundary values. The equations were solved using a p r e d i c t o r -c o r r e c t o r i n t e g r a t o r r o u t i n e which was i t e r a t e d , s t a r t i n g w i t h i n i t i a l guesses f o r the unknown i n i t i a l conditions (magnetic f i e l d gradient, and surface temperature r i s e on the conducting surface), t o f i n d the c o r r e c t i n i t i a l conditions t o s a t i s f y the boundary values (zero f i e l d and temperature r i s e f a r i n t o the conductor).
This process was repeated f o r various f i e l d strengths and was completed f o r copper, aluminum, and molybdenum. The i n i t i a l conditions thus determined are shown f o r copper as a f u n c t i o n o f the i n i t i a l current density ( f i e l d ) i n f i g u r e 1. By f i t t i n g a curve t o the f i r s t p l o t , the surface temperature r i s e f o r copper a t a given surface c u r r e n t density can be computed t o be approximately: 
S i m i l a r curves were derived f o r the other metals.
I n the 1-0 l i m i t , assuming a step current r i s e , the conductor surface temoerature i s found t o r i s e instantaneously w i t h the i n i t i a t i o n o f current t o the peak value given by equation ( 1 0 ) .
The temperature r i s e on the i n t e r i o r o f the conductor i s time dependent w i t h f i x e d isotherms propagating i n t o the conduct o r as t 1 I 2 . P l o t s o f the i n t e r i o r temperature r i s e as a f u n c t i o n o f the number o f s k i n depths are shown i n f i g u r e s 2 and 3 f o r copper a t surface current dens i t i e s o f 30 MA/m and 50 MA/m.
From the 50 MA/m case i t i s c l e a r t h a t w i t h a 10% increase i n current dens i t y over the c r i t i c a l current density o f 45 MA/m, melting w i l l be observed over a f u l l 1/3 o f a s k i n depth.
The c r i t i c a l c u r r e n t s f o r copper, aluminum and molybdenum were determined from t h i s a n a l y s i s t o be 45, 28 and 56 MA/m r e s p e c t i v e l y .
This agrees w e l l w i t h a closed form analysis presented by Knoepfel[4] which y i e l d s corresponding values o f 42, 30, and 61 MA, " disregarding t h e temperature dependence o f the r e s i s t i v i t y . Knoepfel shows t h a t c u r r e n t waveforms w i t h slower r i s e times change the c r i t i c a l current clensit), only by a maximum f a c t o r o f about 1.7.
The c r i t i c a l c u r r e n t density may be considered a fundamental l i m i t t o conductor c a p a b i l i t y .
To model the time dependent resistance, t h e 1-0 d i f f u s i o n o f c u r r e n t i n a surface cur-ent sheet was i n t e g r a t e d t o determine a j 2 power loss.
The t o t a l power l o s s over a l l the sheets was then summed, and t h a t loss was equated t o an I2R r e s i s t i v e power loss, r e s u l t i n g i n the expression: N where p = room temperature r e s i s t i v i t y o f t:he m a i e r i a l t = time since c u r r e n t s t a r t e d f j = f r a c t i o n o f t o t a l c u r r e n t c a r r i e d by j l h sheet R ' = resistance per u n i t length o f the conductor Equation (11) was derived i g n o r i n g the increase i n r e s i s t i v i t y w i t h temperature.
I n c h d i n g the temperature r i s e information increases the t o t a l resistance by 30% f o r c r i t i c a l c u r r e n t d e n s i t i e s , and l e s s so f o r lower c u r r e n t d e n s i t i e s .
I f the c u r r e n t d e n s i t y i s lower than the c r i t i c a l c u r r e n t density o r non-uniform, the resistance determination accuracy from equation (11) w i l l improve.
Program Implementation
The coding o f the model formulated above was done i n Pascal under the program name o f LPRIME. Versions o f LPRIME were developed f o r the IBM PC, tile Apple Macintosh and t h e Vax 11-750 computers.
I n i t i a l l y the code was designed t o be used i n t e r a c t i v e l y , although i n some a p p l i c a t i o n s the i n p u t and out:put have been taken from and d i r e c t e d t o d i s k f i l e s .
The code w i l l a l l o w up t o 20 conductors t o be a r b i t r a r i l y p o s i t i o n e d i n a 2-0 cross s e c t i o n w i t h a r b i t r a r y currents.
The user describes t h e crosss e c t i o n o f each conductor as a s e t o f up t o 20 l i n e a r , c i r c u l a r , o r e l l i p t i c curves.
During t h i s i n w t procedure, a graphical d i s p l a y o f the s p e c i f i e d curves can be generated t o v e r i f y t h e accuracy of the i n p u t data.
The t o t a l c u r r e n t f o r each conductor i s a l s o s p e c i f i e d by t h e user, although t h e magnitude o f c u r r e n t does not a f f e c t the inductance gradient determination.
I n order t o c o r r e c t l y evaluate t h e t o t a l f o r c e i t i s necessary t h a t t h e conductor cLrves be described i n sequence as one would "walk" around the perimeter o f t h e perimeter o f the conductcr i n a clockwise d i r e c t i o n .
The system o f conductors described i s automatic a l l y broken down i n t o an approximately equivalent s e t o f c u r r e n t sheet elements d i s t r i b u t e d evenly between the conductors i n the system and evenly arcund t h e surface o f t h e conductor. The maximum t o t a l number o f elements i s l i m i t e d on personal computers by a v a i l a b l e memory t o several hundred, and on t h e Vax by e:tcessive runtimes t o about one thousand. T h i s gives a pract i c a l l i m i t t o t h e complexity o f t h e systems which can successfully be modeled.
Once the conductors have been broken i n t o e l ements, the program assembles and solves the m a t r i x o f equations which determines the surface c u r r e n t density and vector p o t e n t i a l f o r each element.
A 300 element double-precision r u n r e q u i r e s about h a l f an hour on an IBM-XT w i t h a coprocessor and about three minutes on the Vax.
Although no d e t a i l e d analysis has been completed on the question o f round-off e r r o r s i n t h i s a p p l i c a t i o n , i t was noticed t h a t a t a 300 element m a t r i x size, the r e s u l t s o f s i n g l e and double p r e c is i o n runs were beginning t o d i f f e r .
Therefore the maximum number o f elements t h a t can be used may a l s o be l i m i t e d by round-off e r r o r .
I n order t o run a 300 element case i n double p r e c i s i o n on the PC the m a t r i x was simultaneously loaded and solved, w i t h the lower h a l f o f the m a t r i x "folded" up i n t o the blank memory l e f t as the m a t r i x was diagonalized.
Otherwise, the m a t r i x solver was a s t r a i g h t -f o r w a r d Gaussian eliminat i o n method.
AS output, LPRIME r e p o r t s the inductance gradient, a r e s i s t i v e c o e f f i c i e n t equivalent t o CR = R ' t 1 / 2 (see equation (11) above), and the components o f the net f o r c e on each conductor.
Graphs o f the c u r r e n t density, surface temperature r i s e and normal magnetic pressure over the conductor perimeter are displayed t o the screen f o r a l l conductors i n the system.
An example o f the graphical output i s shown i n f i g u r e 4 f o r a c i r c u l a r bore r a i l g u n (see Task B  geometry 
described i n v a l i d a t i o n s e c t i o n f o r d e t a i l s ) .

Before terminating, t h e program allows the user t o loop back t o the i n p u t t o change any o r a l l o f the i n p u t parameters, f a c i l i t a t i n g the parametric analysis o f various conductor configurations. I n e x e r c i s i n g the code i t was discovered t h a t the model s t a r t s t o break down when the distance between adjacent conductors becomes comparable t o the s i z e o f the current sheet elements.
The element s i z e a l s o gives an e f f e c t i v e corner radius when attempting t o model rectangular conductors.
The program was formulated w i t h the i m p l i c i t assumption t h a t a l l conductors c a r r y i n g current i n a p a r t i c u l a r d i r e c t i o n operated i n p a r a l l e l .
I f those conductors are connected i n s e r i e s , however, the c u r r e n t d i s t r i b u t i o n s , temperature r i s e s , and magnetic pressures p r e d i c t e d by t h e code are s t i l l v a l i d , and the inductance gradient value can be corrected by a f a c t o r o f N2 where N i s t h e number o f s e r i e s connected conductors.
For some augmented r a i l g u n s where a s e r i e s t u r n extends the e n t i r e length o f t h e bore, t h e inductance gradient must be f u r t h e r corrected t o account f o r the d i f f e r e n t regions ahead and behind t h e p r o j e c t i l e t o a r r i v e a t the c o r r e c t d r i v i n g inductance gradient.
V a l i d a t i o n o f t h e Numerical Results
The r e s u l t s o f the code have been v a l i d a t e d against known a n a l y t i c s o l u t i o n s , d e t a i l e d f i n i t e e l ement simulations and experimentally measured values. Generally the agreement i s e x c e l l e n t i n comparing anal y t i c s o l u t i o n s f o r simple cases and experimental values. Less agreement i s found i n more complex cases where the a n a l y t i c s o l u t i o n o r f i n i t e element analysis employs s i m p l i f y i n g assumptions, although t h e agreement i s s t i l l good.
The code r e s u l t s f o r inductance gradient (lprime) and magnetic f o r c e per u n i t l e n g t h (fprime) were compared t o known values f o r s i x d i f f e r e n t geometries. These included p a r a l l e l filaments, c o a x i a l conductors, p a r a l l e l c u r r e n t sheets, p a r a l l e l p l a t e s , f o u r f i l a - . Sample output from LPRIME code f o r Task B geometry ments i n a rectangular o r i e n t a t i o n and a geometry used i n a r a i l g u n b u i l t a t CEM-UT (Task B geometry).
The p a r a l l e l filament geometry consisted of two conductors having 1 mm diameters seoarated by 2 cm and c a r r y i n g equal and opposite c u r r e n t s equal t o 5 kA. The next two geometry cases, p a r a l l e l c u r r e n t sheets and p a r a l l e l Dlates d i f f e r e d o n l y i n t h e i r thicknesses.
Both the current sheets and the p l a t e s were 10 cm wide and were separated by a distance o f 2 cm, but the p l a t e s had a thickness o f 1 cm w h i l e the sheets were given a smaller thickness o f 0.1 cm i n order t o simulate an i n f i n i t e l y t h i n conductor. Both the current sheets and the p l a t e s were simulated a t 5 kA c u r r e n t .
The c u r r e n t d e n s i t y p l o t s f o r the p a r a l l e l c u r r e n t sheet showed the m a j o r i t y o f c u r r e n t f l o w i n g uniformly on the inner faces o f the conductors w i t h spikes a t the ends about t r i p l e the magnitude o f the value along the inner faces. The next geometry case consisted o f f o u r f i l a m e n t conductors placed i n a rectangular o r i e n t a t i o n . The spacing o f the f i l a m e n t s was based on the Task B r a i l g u n geometry -as i f the filaments were located a t the f r o n t edges o f the r a i l s . Each filament c a r r i e d a c u r r e n t o f 1.5 MA.
The top two conductors c a r r i e d c u r r e n t s i n the opposite d i r e c t i o n w i t h respect t o t h e bottom conductors. The Task B geometry was analyzed using a c u r r e n t o f 3.0 MA, and the analysis was completed both w i t h and without an outer conducting s h e l l which represents the outer containment s t r u c t u r e .
The inductance grad i e n t was p r e d i c t e d a t 0.3661 pH/m w i t h t h e o u t e r s h e l l and 0.4224 pH/m without the outer s h e l l . The experimentally measured value f o r t h e inductance grad i e n t was 0.367 pH/m.
The t o t a l f o r c e on the r a i l s per u n i t length was p r e d i c t e d t o be 7.81 MN/m w i t h t h e outer s h e l l and 13.11 MN/m without i t . An experiment a l l y measured value f o r the f o r c e has not been obtained.
I f the filament formula i s a p p l i e d t o two conductors spaced 88.9 mm apart c a r r y i n g equal and opposite c u r r e n t s w i t h a magnitude o f 3.0 MA t h e r e p u l s i o n f o r c e would be 20.33 MN/m. This method o f c a l c u l a t i n g r e p u l s i o n f o r c e takes no account o f t h e c u r r e n t which i s conducted on the edge sides and t h e Also i t overlooks the c u r r e n t concentration on the r a i l corners.
The r e s u l t s o f the geometry comparisons are summarized i n f i g u r e 5.
The predicted values agree w i t h i n one percent w i t h the closed form s o l u t i o n values f o r the p a r a l l e l f i l a m e n t s and coaxial conduct o r s .
I n the case o f p a r a l l e l c u r r e n t sheets the pre- two-dimensional t r a n s i e n t f i n i t e element r a i l g u n model developed by Long [a]. The f i n i t e element model pred i c t s lower temperature r i s e s by about twenty percent, most l i k e l y due t o the more c o r r e c t modeling o f f i n i t e c u r r e n t r i s e t i m e s (whereas the LPRIME code i s based on a step c u r r e n t w i t h an instantaneous r i s e ) . S t i l l the agreement i s adequate f o r some design work, and LPRIME i s much quicker than t h e f i n i t e element model which r e q u i r e about an hour t o run on the Cray XMP 24.
The numerical accuracy o f the resistance model has not been examined i n d e t a i l , as the t r a n s i e n t resistance o f the systems analyzed thus f a r a t CEM-UT has been much l e s s c r i t i c a l i n t h e design work than the other computed values.
I n i t i a l checks o f the r e s u l t s have shown the values t o be i n rough agreement w i t h approximations which assume a constant current density over t h e conducting surfaces.
Perallel ConnecUon
P r a c t i c a l Applications
Series ConnecUon
The program was i n i t i a l l y developed f o r use i n analyzing the d e t a i l e d response o f various r a i l g u n geometries t o the high current pulses required during the acceleration.
One strong motivation was t o devel o p the c a p a b i l i t y t o r a p i d l y evaluate non-symmetric geometries. Once the code had been completed, i t was found t o be w e l l s u i t e d t o the a n a l y s i s o f highcurrent buswork as w e l l .
I n a d d i t i o n the code has proved invaluable as a s t a r t i n g p o i n t from which t o e f f e c t more d e t a i l e d c a l c u l a t i o n s o f conductor phenomena. S p e c i f i c a l l y , the r e s u l t s o f the code have been used t o provide i n i t i a l conditions f o r a temperature r e l a x a t i o n model developed t o evaluate c o o l i n g requirements f o r r a p i d -f i r e r a i l g u n s , and as boundary values f o r f i n i t e element s t r u c t u r a l evaluations o f various conductors.
I n a r a i l g u n design analysis, the LPRIME code was used t o determine the force and inductance gradients f o r t w o -r a i l , f o u r -r a i l and s i x -r a i l c o n f i g u r a t i o n s (shown i n f i g u r e 6 ) .
A l l o f the c o n f i g u r a t i o n s had bore diameters o f 88.9 mm and the arc widths f o r the r a i l s and i n s u l a t o r s were equal. This r e s u l t e d i n arc widths o f 90, 45 and 30 degrees f o r the respective cases.
None o f the c o n f i g u r a t i o n s included an outer conducting s h e l l .
The computed values are shown f o r both p a r a l l e l and s e r i e s connection o f the r a i l p a i r s , where a r a i l p a i r r e f e r s t o the two r a i l s which prov i d e the c u r r e n t feed and r e t u r n f o r a p a r t i c u l a r armature. For example, i f the f o u r r a i l c o n f i g u r a t i o n i s connected i n p a r a l l e l , two c u r r e n t feeds and two current r e t u r n paths would have t o be provided t o the gun, w h i l e i f t h e r a i l p a i r s are connected i n s e r i e s o n l y one c u r r e n t feed and one c u r r e n t r e t u r n path would be needed. the drawback o f higher resistance, and i t requires a higher d r i v i n g voltage t o produce the desired c u r r e n t .
Current Per
The LPRIME code was used t o v e r i f y the inductance of an extremely low inductance buswork designed f o r use w i t h the CEM-UT 60 MJ homopolar generator power supply.
Also the code was used t o evaluate the nonuniform current d i s t r i b u t i o n i n buswork a t the breech of a r a i l g u n .
The buswork was f a i l i n g a t h i g h currents, and the LPRIME code was used t o v e r i f y t h a t excessive currents d e n s i t i e s were a c t u a l l y occurring and t o redesign the buswork t o moderate the extremes o f the current d i s t r i b u t i o n .
The code output can a l s o be used i n s t r u c t u r a l analysis. The magnetic pressure data i s w r i t t e n t o an output f i l e f o r the intended use as boundary loading i n p u t f o r a s t r u c t u r a l f i n i t e element analysis (SFEA) . The data f o r each current sheet element i s w r i t t e n t o a f i l e .
This f i l e contains the midpoint coordinates and the magnetic pressure f o r each element.
t o analyze temperature r e l a x a t i o n i n conductors and evaluate mechanical stresses i n conductors w i t h a complex geometry.
Although t h e r e are p r a c t i c a l l i m i t s t o t h e complexity o f the systems t h a t can be successf u l l y modeled, i t i s a v e r s a t i l e t o o l f o r analyzing a wide range o f conductor c o n f i g u r a t i o n s .
ACKNOWLEDGMENT W e wish t o thank Kurt Nalty, Mike Ingram and Joe Beno f o r t h e i r h e l p f u l conversations and suggestions d u r i n g the development and t e s t i n g o f t h i s program. The code was developed under funding provided by the A i r Force Armament Testing Laboratory.
